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ABSTRACT
This investigation is a theoretical study of the
vehicular load distribution in spread box-beam bridges. The
box-beam bridge superstructures are composed of a number of
precast, prestressed concrete box-beams, equally spaced and
spread apart, and a cast-in-place composite slab. A method
of analysis i~ developed for beam-slab bridges, and is particu-
larly applied to spread box-beam bridges. In this method, the
bridge superstructure is reduced to an articulated structure
by-introducing a series of beam and plate elements.
The validity of the theoretical analysis is verified
by comparison with the results of field tests on four different
spread box-beam bridges. An extensive study of all of the pa-
rameters involved in the analysis has been made. Over three
hundred different spread box-beam bridges are analyzed under
different types of loading in order to observe the pattern of
live-load distribution. Based upon the results obtained, de-
sign procedures for the determination'of lateral live-load
distribution are developed and recommended.
1. INTRODUCTION
1.1 General
In recent years several new types of bridge 8uper-
structures have been constructed which utilize precast concrete
beams. Initially, multi-beam bridges utilized precast, pre-
stressed concrete beams which were placed on the supports side
by side, and laterally connected through continuous longitudinal
shear keys. Lateral post-tensioning or bolting was used to hold
the beams together, and a wearing surface served as the deck.
The next development in the design and construction of multi-beam
bridges was the use of the cast-in-place reinforced concrete slab
and the elimination of lateral post-tensioning or bolting.
In the state of Pennsylvania, precast, prestressed
concrete box-beams have been used in multi-beam bridges. The
latest development in this state is the spread box-beam bridge,
in which the beams are equally spaced and spread apart, with a
cast-in-place composite slab. This is the type of bridge for
which the load distribution is to be investigated.
The Pennsylvania Department of Highways has adopted
some of the provisions listed in the ASSHO specifications for
I-beam bridges ,1 to be used in the design of spread box-beam
bridges. According to these provisions, set forth by PDH,2 the
interior beams should be designed using a live-load distribution
Sfactor of 5.5' where S is the center-to-center beam spacing.
-1-
For exterior beams, the live-load distribution factor is based
on the reaction of the wheel load obtained by assuming the floor-
ing to act as a simple span between beams.
The problem of load distribution in spread box-beam
bridges has been under investigation at Lehigh University since
1964. The investigation was initiated by a pilot field study of
the Drehersville Bridge,3,4 and continued with field study of the
Berwick,6 Brookville,6 White Have~,7 a.nd Philad,elphia8 bridges.
The theoretical investigation reported here was begun by the author
in 1967.
1.2 Obiect arid Scope of Study
The ·t':~~\,~~efica1 analysis reported here concerns the
load distributiort in spread box-beam bridges. Spread box-beam
bridges are composed of a number of precast, prestressed box-beams
and a cast-in-place slab. Fig. 1 shows a typical transverse
cross-section of this type of bridge.
The purpose of this study is to develop a method of
analysis to describe the behavior of spread box-beam bridges
under the application of live-loads. Based upon this theoretical
analysis, design recommendations are suggested for the fraction
of live-loads to be carried by the box-beams.
The scope of this study can be outlined as follows:
1. Only simple span· right bridges are studied.
2. Load distribution is investigated for the
service load· (working load) range.
-2-
3. A theoretical analysis is developed to describe
the behavior of spread box-beam bridges under
the application of any type of vertical loading.
4. The effect of sidewalk or safety curb is con-
sidered.
5. Maximum moments produced in any beam due to
standard design vehicles are determined.
6. The results of this ~heoretical analysis are
compared with those of the experimental study
on the type of bridge under consideration.
7. The influence of significant factors in the
analysis is studied.
8. A simplified procedure for the determination of
lateral load distribution is recommended.
The method of analysis described here is applicable
to any beam-slab type bridge superstructure, with only slight
modifications. In the formulation of the method only box-beams
are considered, but modifications which should be made for other
types of beams are also specified.
1.'3 Previous Studies
The problem of load distribution in bridges has been
under investigation by many researchers in this country and abroad
for several decades. The results of their work have provided some
insight into the behavior of bridges under the applied loads. The
variety of types of bridges, and the complex structure of each
-3-
type, have made it impossible to develop a unique and exact
solution to this problem. Recent advancements in science and
technology, on the other hand, make it possible to re-evaluate
methods and techniques of analysis and to obtain a more accurate
solution to complex problems. Research within the past decade
on the problem of load distribution has contributed more to the
understanding of the b'ehavior of bridges than all other research
previous to that time. This achievement is due to the availa-
bility of the new generation of fast computers, and to the de-
velopment of more sophisticated and rigorous methods of analysis.
Research in the problem of load distribution began in
the 1930's, following the construction of several composite
structures. One of the earlier studies was by Timoshenko,9 who
used a method of equating deflections at beam intersections to
analyze a hinged grid system. Hetenyi10 analyzed a system com-
posed of a hinged grillage 'of beams by assuming no rotation at
the intersection of longitudinal and transverse members, and by
using Fourier series to express the concentrated loads. Pippard
and deWaele11 developed a method in which it was assumed that
the longitudinal members did not rotate and the transverse members
were replaced by a continuous medium.
An extensive study of slab beam bridges was begun in
1936 at· the University of Illinois g Newmark12 developed a distri-
bution procedure for the analysis of slabs continuous over flexi-
ble beams. In this method, the moments and shears were calculated
-4-
for each term of the Fourier series expanded for the loads. The
procedure is analogous to CrossTs moment distribution for the
analysis of continuous beams and frames. Based on this procedure,
Newmark and Siess13 analyzed fifty-two I-beam bridges of various
spans and beam stiffness. In addition, several scale-model I-beam
bridges were tested in order to verify the accuracy of the results
predicted by their theoretical analysis.
As noted by Vies~, Fountain and Siess,14 the first speci-
fications for the design of composite highway bridges were pub-
lished in 1944, as a part of the T1Standard SpecificationsT1 of the
American Association of State Highway Officials. Since the publi-
cation of the 1944 edi tion of the AASHO specifications-" numerous
field tests and theoretical analyses have been carried out, re-
sulting in revision of, and addition to, these specifications.
Some of the significant methods of analysis are discussed below.
One method, originated by Guyon and Massonet, involves
the use of the orthotropic plate theory. In this method an equiva-
lent orthotropic plate replaces the actual bridge superstructure.
Guyo~6 first used this method for the analysis of grillages with-
out torsional stiffness and Massonet16 then expanded it to include
the effect of torsion. This method was used by Morrice and Little17
for the analysis of load distribution in prestressed concrete
bridges by Roseli and Walther,18 and by many others for multi-beam
bridges.
For the analysis of load distribution in multi-beam
-5-
bridges Arya,19 Pool,20 and Khachaturiarfl considered a series of
beams hinged at the top corners, and developed a method of solution
22
using simple beam theory and total potential energy. Abdel-Samad
studied the behavior of elastic thin-walled multi-cell box girders
by using the variational method of generalized coordinates developed
by Vlasov. 23 In this study the effects of transverse and longi-
tudinal stiffeners were included whereas the effects of torsional
moment and transverse axial ~longation w~re neglected.
Another approach" used to analyze bridges for load distri-
bution is the folded plate theoryo Two different methods are
commonly used for the analysis of folded plates. One method is
the so-called orinary method24 , 25,2 6 in which the longitudinal
response of the plate is governed by the beam theory, and the
transverse response by the theory for a continuous one-way slab.
This method neglects the effect of torsional moments, in-plane
shearing deformations, transverse axial elongation, and longi-
tudinal bending moments. The second method is a stiffness method
of analysis developed by Goldberg and Leve27 in which plane-stress
and two-way slab theories are combined. This method takes into
account the effect of all of the above-mentioned neglected quanti-
ties in the first method. Scordelis28 investigated the problem
of load distribution of a simply supported multi-cell box-beam
bridge, using the folded plate theory developed by Goldberg and
Leve.
-6-
2. METHOD OF ANALYSIS
2.1 Basic Assumptions
The bridge considered here is the beam-slab type,
supported by prestressed concrete spread box-beams, with a
simple span, and without intermeoiate diaphragms. The design
standards of the Pennsylvania Department of Highways specify
that intermediate diaphragms must be used-. when th~ spa_n J-ength
exceeds 4S feet. On the other hand, the results of field tests
on the Philadelphia Bridge8 showed that the intermediate dia-
phragm had little effect on the load distribution factors. There-
fore, in the theoretical analysis developed h_ere, the effect of
the intermediate diaphragm is not being considered.
The standard precast prestress,ed box-beam is shown in
Fig. 2. The idealized beams considered in the analysis are pris-
matic, thereby assuming the same geometrical and 'mechanical proper-
ties throughout their lengths.
Other basic assumptions made in this analysis can be
.:c itemized as follows:
1. The full composite action between the beams and
the slab is ensured.
2. The slab thickness is uniform throughout the bridge.
3. The beams are equally spaced and spread apart.
4. The beams ,and the slab are made of a linearly
elastic, homogeneous and isotropic material.
-7-
5. The beam cross-section is rigid, so that the
distortion of the cross-section is negligible
in comparison with the deformation of the whole
section as a unit.
·6. The- shear deformations are negligible.
7. The beams have negligible warping rigidity in
comparison with pure torsional rigidity.
8. The deformations are assumed to be small.
9. The end diaphragms are free to rotate out of
their own planes but rigid against in-plane
bending and twisting.
2.2 Basic Elements and Coordinate System
Considering each beam with the ,portion of slab directly
on top of it as a unit, a series of joint-lines are introduced be-
tween the slab and the beams. Fig. 3 shows the location of these
joint-lines. The bridge is composed of a finite number of beam
and plate elements which are attached along the joint-lines. The
right-handed coordinate system shown in Fig. 3 is a typical refer-
ence axis system, which was used in analyzing the beam and the
plate elements. A typical element i is connected to element (i-I)
through the joint-line j, and to element (i+l) through the
joint-line (j+l).
2.3 Method of Solution
Considering the defined beam and plate elements, the
-8-
bridge superstructure is reduced to an articulated system. To
obtain a solution to this highly indeterminate structure, a
flexibility type of analysis is employed. Based upon assumption
9, all of the beam and plate elements will behave as if they
were simply-supported at both ends. To proceed with the solution,
first a series of cuts are introduced along the joint-lines. The
unknown stress resultants existing along each joint-line consist
of thre~ forces S, Hand R acting along the x, y, and z axes
respectively, and a moment M about the x axis. These stress re-
sultants are shown for a typical point along the joint-lines in
Fig. 4. The reference axes for the beam and plate elements are
also shown in this figure.
The beam and plate elements under the edge forces, as
well as the applied external loads, are next analyzed. The analy-
sis of the plate involves two different approaches. First, a
small-deflection bend{ng analysis for the applied external loads,
the edge force R, and the edge moment M (see Fig. 4), and second,
a stress analysis for the in-plane edge forces Hand S. For the
analysis of beams under the applied external load and the edge
forces, ,a combined action of torsion, axial force, and bi-axial
moment is considered. The applied external load is considered
to be distributed over a rectangular area with dimensions 2c and 2d.
For the analysis of the beam elements, the external load is con-
sidered to be distributed over a line segment with dimension 2e.
The deformation of the beam and plate elements along the
-9-
joint-lines consists of three linear displacements in the x, y
and z directions, while the fourth is the rotation about the x
axis. The continuity conditions along the joint-lines are satis-
fied by equating the deformations of the adjacent beam and plate
elements.' The continuity conditions along each joint-line provide
four equations in terms of the unknown stress resultants. For a
bridge with NB number of beams, the number of joint-lines is
2 (NB - 1), and the number of unknown stress resultants is
8 (NB - 1). ,There are also exactly 8 (NB - 1) equqtions of con-
tinuity which can be solved simultaneously to find the unknowns.
After the unknown stress resultants along the joint-lines are
found, the forces and moments in the beam elements can be evalu~
ated.
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axle spacing is provided to approximate more closely the trucks
now in use, and to provide a more satisfactory design loading
for continuous spans.
The drive and rear wheels consist generally of two
tires each. The contact area between the wheels and the surface
of the bridge varies depending on the dimensions and the inflation
pressure of the tires, and the wheel loads. As shown in Fig. 5,
the contact area has an oval shape that can be assumed as a rec-
tangular area with dimensions 2c1 and 2d1 . The dimension 2c1 is
assumed to be 10 inches for all wheels. The dimension 2d l is
assumed to be 24 inches for the drive and rear wheels, and 12
inches for the front wheels. The distribution of load through
the wearing surface will increase the dimensions of the loaded
area on the top of the slab to 2c and 2d, as shown in Fig. 5.
Since for the type of bridge under consideration a 1/2 inch
monolithic wearing surface is included in the slab thickness,
the dimensions 2c and 2d are taken to be the same as 2c l and 2d1
respectively.
2.5 Curbs and Parapets
The bridge superstructures contain the cast-in-place
reinforced concrete cu~bs and parapets. Basically, the curbs
and parapets are not installed as load-carrying members, and in
the present design procedures no account is taken of the curbs
and parapets in the design of exterior beams for the live-load.
On the other hand, the results of the field tests3 ,6 ,7'8
-11-
consistently showed the full effectiveness of the curbs in
composite action with the exterior beams. The composite action
of parapets with curbs, however, was not fully effective in the
Philadelphia Bridge test. 8
"In the theoretical analysis developed here, the curbs
(and the parapets if so desired) can be considered to be effective
in composite action with the exterior beams. The interior beam
elements are symmetrical with respect to the z-axis, whereas with
the consideration of the curbs (or curbs and parapets both), the
exterior beam elements are -no lo~ger symmetrical. Therefore, the
hi-axial bending of the exterior beams would become coupled.
-12-
3. ANALYSIS OF PLATE ELEMENTS
3.1 General
A typical plate element isolated from the rest of
the bridge superstructure is shown in Fig. 6. The plate element
is simply-supported along the two ends, and is free along the two
lateral sides. The length of the plate element, which is the span
length of the bridge, is· des~gnated ~y L. The width of the plate
element, which is the clear spacing of the beams, is designated
by "aft. The wheel-load P is distributed over an area of the plate
element with dimensions of 2c and 2d. The intensity of this dis-
tributed load, P, is:
p
p = 4· c d (3.1)
The x and y coordinates of the centroid of the loaded area are
designated by S and ~, respectively.
For the analysis of the beam elements, as explained be-
fore, the wheel loads are considered to be distributed over a line
segment with the dimension of 2c. This line loading was considered
since there would be no difference in the results of the analysis
of the beam elements whether the load is distributed over a rec-
tangular area or a line segment. The intensity of this distributed
line load Pb on the beam elements is:
% = 2d P (3.2)
As noted in Fig. 4, the x and y coordinates of the centroid of
-13-
the line loading on the beam elements, are also designated by
S and~. When the results of the analysis of all beam and
plate elements are to be combined, the quantities associated with
the beam and plate elements will take the superscript i, (i+l),
etc., and- those associated with the joint-lines will take the
superscript j, (j+l) , etc o
'3. 2 Fourier Series Expansion of Wheel Loads
To proceed with the analysis of the beam and plate
elements, the wheel loads are expanded in terms of the Fourier series.
Since both the plate and the beam elements are simply-supported
at the ends, a Fourier sine-series expansion is employed in the
longitudinal direction along the x-axis, with the period of 2L.
The Fourier sine-series expansion for the distributed
line loading Pb' on -the beam elements yields:
-
co
Pb = Pb ~ Q sin Q' xn=l n n
where
Q
n
L+
sin O! S sin cy= -- cn 11 n n
n TT
O! = Ln
(3. 3)
(3.4)
(3. 5)
and n is an integer-number defining different terms of the series,
that i~,
n = 1, 2, 3~ 4, .....
For the plate elements a strip of the loaded area, with
-14-
an infinitesimal width of dY1 at a distance Y1 from the x-axis,
is expanded by the Fourier sine-series. Fig. 7 shows the location
of the defined strip loading and the intensity of this strip load-
ing PI' is:
PI = P dY l
where YI can vary between the following limits:
(Tl-d) ~ YI :: (Tl+d)
(3.6)
(3. 7)
Once the results of the analysis of the plate elements under the
distributed strip loading PI are obtained, it would take only a
simple integration to obtain the results for the complete loaded
area. The significance of this approach will become clear later.
The Fourier sine-series expansion for the distributed strip load-
ing PI' yields:
(3.8)
where Q , and a are given in Egs. (3.4) and (3.5) respectively.
n n
The deflected surface of the plate elements, due to the
strip loading, and assuming a small-deflection bending analysis,
can also be expressed by sine-series:
sin QI X
n
(3.9)
where Y (y) is a function of y and the integer-number n, and is
n
independent of the variable x. From Eq. (3.9) it can easily be
verified that all of the force and geometric boundary conditions at
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the simply-supported ends, that is, at x=O and x=L, are auto-
matically satisfied. This explains the reason behind the selection
of the sine-series for the expansion of the wheel loads.
Since the material is assumed linearly elastic, and
the deformations small, the pri,nciple of superposi tion is valid.
The validity of this principle for the bridge under consideration
has been verified by the field test. 3 Therefore, in the following
analysis, .only one general term of the Fourier sine-series of the
loading will be considered. The final results will be obtained by
superimposing the results of the analysis for all the terms in the
series. Considering a particular value of ~ in Eq. (3.3), the
loading for the beam elements reduces to:
P sin Q' xn n (3 .10)
where
For the plate elements the loading of Eq. (3.8) reduces to:
where p, Q and ~ are given in Eqs. (3.1), (3~4) and (3.5)
n
(3.11)
(3 .12)
respectively. The deflected surface of the plate elements given
by Eq. (3.9) yields:
Wi = Y (y) sin a x
n n n
(3 .13)
From the form of deformations of the beam and plate elements, it
-16-
can be observed that the four stress resultants along the
joint-lines should be in the following form:
s = s cos Q' xn n
H = H sin Q' xn n
R = R sin a x
n n
M =M sin Q' x
n n
(3.14a)
(3.14b)
(3.14c)
(3.l4d)
where S , H , Rand M are the unknown coefficients yet to be
n n n n
determined.
3.3 Plate Elements Under Vertical Edge Forces
Fig. 8 shows the plate element (i-I) subjected to the
· · I·· 1
vertical edge forces RJ and RJ -. The RJ and RJ - forces are
acting on the plate element at y=a and y=O, respectively. The
· · 1
solution is obtained for the RJ and RJ - forces separately.
3.3.1 Vertical Edge Force at y=a
The edge force Rj acting along the line y=a of the
plate element (i-I) has the following form:
(3.15)
where Rj the unknown coefficient associated with joint-line j,
n'
is independent of the x and y variables. The governing differential
equation for the small-deflection bending theory of the plate is:
(3 .16)
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The deflected surface of the plate can be expressed by:
w = Rj Y (y) sin a x
n n n
(3 .17)
where Y (y) is a function of y and yet to be determined. The co-
n
efficient. Rj in Eg. (3.17) h~s been introduced for the sake of
n .
simplicity in the final results.
Substituting the corresponding derivatives of Eq. (3.17)
into Eq. (3.16) results in an ordinary dif~erential equation:
yIV _ 2 0: 2 yII + a 4 Y = 0
n n n
The solution to Eq. (3.18) yields:
y (y) = A cosh a y + Bay sinh a y
n n ,n n n n
+ C sinh a y + Day cosh a y
n n n n n
(.3.18)
(3.19)
where A , B ,C and D are constants, to be determined by con-
n n n n
sideration of boundary conditions. Substituting Eq. (3.19) into
Eq. (3.17) results in:
w = Rj (A cosh a y + Bay sinh a y
n n n n n n
(3. 20)
+ C sinh a y + Day cosh a y) sin a x
n n n n n n
The boundary conditions at the simply-supported ends are:
at x = 0 and L (3. 21)
The above boundary conditions are automatically satisfied, as
expected. The boundary conditions along the free lateral ends
are:
-18-
={:j at y=Oa3 o3·w-D [~ + (2-v) -] (3.22a)dy3 o .20.X Y
at y==a
where
D =
at y =0 and a (3.22b)
(~~23)
D is the flexural rigidity and t is the thickness of the plate.
v is the Poisson's ratio and E is the modulus of elasticity of
the material. Substituting the corresponding derivatives of
Eq. (3.20) into the four boundary conditions given by Egs. (3.22a)
and (3.22b) results in four linear simultaneous equations in terms
of the coefficients A , B ,C and D. The solution to these
n n n n
equations is:
A
n
(3.24a)
B
n
-1
= ;r;;
n
(v+3) sinh a a + (l~v) a a cosh a a
n n n
(V+3) 2 sinh2Q' a _ (i-v) 2 Q' 2 a 2
n n
(3.24b)
C = l+~ D
n I-v n
cit a sinh ',Q' aI-v n n
D = -3--- 2 -2 2 2 2
n a D (V+3) sinh a a - (I-v) a a
n n n
-19-
(3.24c)
(3.24d)
Therefore, Eq. (3.20) together with Eqs. (3.24a, b, c and d)
completely define the deflected surface of the plate.
3.3.2 Vertical Edge Force at y=O
The plate element (i-l) is now considered under the
--1
edge force RJ acting ~long the joint-line (j-l). The solution
to this case can in general be obtained directly by following the
same procedure as outlined in Section 3.3.1. However, the 80-
lution of Section 3.3.1 can be used in this case by a simple trans-
formation of 'the reference axes. · 1Substituting (a-y) for y, RJ -
n
for Rj and (-w) for w in Eq. (3.20) results in the solution for
n
this case:
w = _R j - l [A cosh a (a~y) + B a (a-y) sinh a (a-y)
n n n n n n
(3.25)
+C sinh a (a-y) + D a (a-y) cosh a (a-y)] sin a x
n n n n n n
where A , B , C and D are given by Egs. (3.24a, b, c and d).
n n n n
3.4 Plate Elements Under the Edge Moments
As shown in Fig. 9, the plate element (i-I) is subjected
· · Ito edge moments MJ and MJ - along the joint-I~nes y=a and y=O,
respectively. The analysis of the plate under the edge moments
is similar to that in Section 3.3.
3~4.1 Edge Moment at y=a.
The element (i-I) is first, considered under the edge
moment:
(3. 26)
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The deflected surface of the plate is similar to Eq. (3.20)~
w = Mj (At cosh a y + Bt a,y sinh a y + Ct sinh a y
n n n n n n n n
T
+ DaY cosh a y) sin a x
n n n n
The boundary conditions at the free lateral sides are
(3 .27)
at y = a and a
at y = a
at y = a
(3.28a)
(3 . 28b)
Substitution of the corresponding derivatives of Eq. (3.27) into
Egs. (3.28a and b) results in four linear simultaneous equations
in terms of AT B T C' and D'. The solution to these equations
n' n' n n
yields:
AT = -2 B'
n l-v n
B T = - Q' D
n n n
l+vC T = DT
n I-v n
-1
D T =
n ;Tn
n
(v+3) sinh c¥ a - (I-v) CL a cosh O! a
n n n
(V+3) 2 sinh2 a a _ (I-v) 2 a 2 a 2
n n
(3 .29a)
(3.29b)
(3.29c)
(3.29d)
where D is given by Eq. (3.24d).
n
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3.4.2 Edge Moment at y = 0
The edge moment Mj - l is applied to the plate element
(i-I), along the line y = O. The solution to this case is ob-
tained by substituting (a-y) for y, (_M j - 1) for Mj and (-w) for
n n
win Eq. (3 . 27) :
w = Mj - l [AI cosh a (a-y) + HI a (a-y) sinh a (a-y) + CI sinh a (a-y)
n n n n n n n n
+ D' a (a-y) cosh a (a-y)] sin a x
n n n n
(3 .30)
where A', B', C' and D' are given by Egs. (3.29a, b, c and d).
n n n n
3.5 Reciprocal Relations for the Plate Elements
For any structure with linear load-deformation charac-
teristics, the reciprocal theorems, 'known as tTBetti t s Law tT , are
applicable. However, the linear load-deformation relationship
can also be dependent on the loading. "Betti's Lawn can be ex-
pressed as follows:
The work done by a set of loads acting through
the displacements produced by a second set of
loads is equal to the work done by the second
set of loads acting through the displacements
produced by the first set of loads.
Betti's Law can be used in the analysis presented here, since
the load-deformation relationship was assumed linear. In addition,
there are some specific reciprocal relations which can be applied
<-22-
to plates. In this section, with the use of Betti's Law, some
particular reciprocal relations are derived for the plates simply-
supported along two ends.
Consider a plate simply-supported along two ends, and
with any boundary conditions along the other two sides. As shown
in Fig. 10, two arbitrary lines y = Y1 and y = Y2 , are chosen
perpendicular to the simply-supported ends. Points 1 and 2 are
located on the lines y = Yl _and y = Y2 , some distance ~l ~~~m the
yaxis. Referring again to Fig. 10, the following reciprocal re-
lations are valid:
1. Deflection of the plate along the line y = Y2
due to a load P at point 1, is identical to the
2.
deflection along the line Y = Y1 due to the load
P at point 2.
OwThe slope oy along the line y = Y2 due to a load
P at point 1, is identical to the deflection
along the line Y = Yl' due to a moment M equal to
P at point 2.
To prove the validity of the above reciprocal relations,
two equal loads P, designated by PI at point 1 and P2 at point 2,
are expanded by the Fourier series:
where
Pi = P2 = E P sin a xn=1 n n (a)
P 2 P sin (b)= L Q'nxln
n IT (c)b! = Ln
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Since the Fourier series expansion is identical for the loads
Pl and P2 , the reciprocal relations will be proven for a general
term of the loading series. Thus, Eq. (a) reduces to:
sin O! x
n
(d)
Designating the deflection of the plate due to the loads Pin
and P2n by wCl) and w
(2) respectively, then:
wCl) = y Cy) sin ~ x
n n
w
(2) = Z Cy) sin ~ x
n n
(e)
(f)
where Y (y) and Z (y) are functions of y and independent of the
n n
variable x. The deflection of the plate along the line y = Y2
due to the load Pin' and along the line Y = Yl due to the load P2n
can be found from Eqs. (~) and (f) . The results are:
w{l) ]
= Yn (Y2) sin Q' x (g)y = Y2 n
w(2)]
= Zn (Y1) sin O! x (h)y = Y1 n
Applying BettiTs Law, the work done by the load Pin through the
deflection produced by the load P2n' is equal to the work done
by the load P2n through the deflection produced by the load Pin.
Thus:
L L
(Pn sin ~nx) Zn(Y1) sin Q'nx dx = CPn sin O!nx) Yn (Y 2) sin anx dx
a 0
(i)
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where P is given in Eq. (b) and is independe~t of the variable x.
n
Thus, Eq. (i) reduces to:
(j)
Substituting Eq. (j) into Eqs. (g) and (h) results in the follow-
ing:
(3.31)
The proof is thus complete. The second reciprocal relation stated
above can be proven in a similar fashion.
The above-stated reciprocal relations are also valid for
line loadings, since a line loading can be thought of as a series
of concentrated loads. For the analysis of the plate elements
under the wheel-loads, the above-stated reciprocal relations will
be used in order to avoid the complicated and lengthy direct analy-
sis.
3.6 Plate Elements Under the Applied Wheel Loads
The plate element, shown in Fig. 6, is subjected to a
wheel load uniformly distributed over a rectangular area. The
direct solution to this case involves the determination of a
general solution to the governing differential equation:
4 q
~ w = D (3.32)
where V4w is defined by the left-hand side of Eq. (3.16), and q
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is the distributed load on the plate. The general solution is
made up of two parts. First a complementary solution satisfying
Eq. (3.16) and second, a particular solution satisfying Eq. (3.32).
The complementary solution is given by Eq. (3.20), in which Rj
n
would be omitted. The particular solution can 'be selected as the
solution to an infinitely long plate, simply-supported along its
two limited sides. This selection can be made since it is not
nece~sary for the particular solution to satisfy all of the boundary
conditions. The general solution, obtained by the summation of the
complementary and particular solutions, should satisfy all of the
boundary conditions.
The direct solution as outlined above is mathematically
very complicated and lengthy. On the other hand, the reciprocal
relations derived in Section (3.5) make it possible to obtain the
solution indirectly and very simply. Fig. 7 shows the strip of
the loaded area with an infinitesimal width of dYl' as was intro-
duced in Section (3.2). The general term of the Fourier series ex-
pansion for this strip loading is given in Eq. (3.12). The dis-
placements of the plate elements along the joint-lines due to the
strip loading can be obtained indirectly by applying the recipro-
cal relations of Section (3.5). To include the effect of the
complete loaded area, the results of the strip loading will be
integra~ed with respec~ to Yl between the limits given in Eq. (3.7).
The deflection of the plate shown in Fig. 7 along the
edge y=a, due to the strip loading of Eq. (3.12), is obtained by
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substituting (p dYl Qn) for R~, and Yl for Y in Eq. (3.20):
+ C sinh a Y1 + D a -Y1 cosh a Y1) sin a Xn n n n n n (3.33)
where A , B , C and D are given in Egs. (3.24a, b, c and d) .
n n n n
The integration of Eq. (3.33) with respect to Y1 between the
limits given by Eq. (3.7) yields:
w] = K sin O! xn ny=a
where
K = P Qn (A a + B b + C c + D d )n n n n n n n n n
and
2
sinh Of d cosh Q' 11a =
n Q' n n
n
b = 2d cosh ct d cosh a 11 c a
n n n n n
2
sinh ct d sinh a 11c =
n Ci n . nn
d = 2d cosh a d sinh Q' 11 + CY 11 a - c
n n n n n n
(3. 34)
(3. 35)
(3 .36a)
(3.36b)
(3 .36c)
(3.36d)
OwThe slope dY along the joint-line y=a, due to the wheel
load, is obtained by first substituting Yl for y and (-p dYl Q
n
)
-27-
for M~ in Eq. (3.27), and then integrating it with respect to Yl ,
between the limits given by Eg. (3.7). The result is the following:
where
ow ] =
oy y==a (3.37)
= p Q (At a + B t b + C t c + D T d )
n n n n n n n n n
(3.38)
At BT C' arid Dt are given in Egs. (3.29a, b, c and d) .
n' n' n n
a
n'
b
n'
c and d are given in Egs. (3.36a, b, c and d) .
n n
The deflection and ow the joint-line y==othe plope oy along
can be found in a similar way by applying the reciprocal relations
and using Egs. (3.25) and (3.30). However, the solution for the
previous case given by Egs. (3.34) and (3.37) can be applied to
this case by a simple transformation of the reference axes. Sub-
stituting (a-~) for~, (-w) for wand (-p) for p in Egs. (3.34),
(3.35), (3.36a, b, c and d), (3.37) and (3.38) results in the
following solution for the deflection and the slope:
W]y=Q = Gn sin Of xn (3. 39)
where .
OW]
oy y=O
(3. 40)
G == p Q (A at + B b T + C c T Ddt)
n n n n n n n n n n
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(3 . 41)
GIn = p Qn (AT aT + B
T bY + CT c T + DT d T (3. 42)n n n n n n n n
and
at 2 sinh O! d cosh ex (a-'ll) (3 .43a)=n O! n n
n
b T = 2d cosh O! d cosh O! (a-ll) c T aT (3.43b)n n n n n
c T
2
sinh O! d sinh O! (a-'ll) (3 .43c)=n Q' n n
n
d T = 2d cosh Q' d sinh Q' (a-'ll) + O! (a-ll) aT - c T (3 .43d)n n n n n n
3.7 Plate Elements Under the In-Plane Edge Forces
For the analysis of the plate elements under the in-plane
edge forces, a plane-stress elasticity solution is employed. The
plane-stress condition is defined by assuming that only the stress
components cr ,cr and T = T exist. Furthermore, these stress
x y xy yx
components are a function of the x and y variables and are inde-
pendent of z. The notations cr and cr denote the stress components
x y
normal to the planes perpendicular to the x and y axes respectively.
The notation T denotes the shearing stress on a plane perpen-
xy
dicular to the x axis and directed toward the y axis. The in-plane
displacements u along the x, axis, and v along the y axis are also
a function of the x and y variables and independent of z. In this
section a typical plate element (i-i) subjected to the normal edge
· · 1 · ·-1forces HJ and HJ - , and the tangential edge forces SJ and SJ will
be analyzed.
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3.7.1 Plane-Stress Solution
The differential equations of equilibrium for the
plane-stress condition and in the absence of the body-forces
are in the following form:
00' aT
2+ xy =- 0ox . ay
ocr dT
Y + xy
= 0
-oy ax
(3.44a)
(3.44b)
Egs. (3.44a and b) provide the necessary and sufficient condition
for the existence of a function .W(x,y) such that:
a-
x
cr
y
(3.4Sa)
(3.4Sb)
,.
xy (3 . 45c)
The function ~ is called the "Airy stress function TT in honoY' of
G. B. Airy, who first introduced the concept of the stress function
in 1862. When the stress function ~ is used £or the solution to
the plane-stress problems, the evaluation of stress components
given in Egs. (3.45a, b and c) insures the satisfaction of the
equilibrium requirements given in Egs. (3.44a and b) .
The stress-strain relationships for the material, which
was assumed homogeneous, isotropic and linearly elastic, are in
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the following form:
e =l (a - va )
x E x y
1 (cr - 'Va )e = Ey y X
T
Yxy =
xy
G
where
E
G = 2 (l+v)
(3 . 46~)
(3 .46b)
(3 .46c)
(3.47)
The relationship between the strains and displacements are given
as:
au
e = oXx
ov
e = oyy
QV au
Yxy = -+ oyox
(3 . 48a)
(3.48b)
(3.48c)
where the displacements are assumed to be small so that the second
order terms can be neglected. From Egs. (3.48a, b and c), it can
be noted that the three strain components e ,~ and y cannot
x y xy
be chosen independently, since they are completely defined by the
two displacements u and v. Therefore, there must exist one relation
between these three strain components. This relation, which is
normally referred to as the compatibility equation, can be written
as:
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(3.49)
The substitution of Egs. (3.45a, b and c), (3.46a, b and c) and
(3.47) into Eq. (3.49) yields:
o
where ~4 is the differential operator defined as follows:
(3. SO)
(3.51)
Eq. (3.50) is the compatibility condition in terms of the function ~.
Thus, by the use of the stress function ~, the solution to the
plane elasticity problems reduces to determination of a solution
to Eq. (3.50), which satisfies the boundary conditions.
To proceed with the solution of Eq. (3.50), the stress
function W is selected as follows:
'lr = y (y)n sin Ci xn (3.52)
where Y (y) is a function of y. The governing differential
n
equation given in Eq. (3.50) and the selected stress function
given in Eq. (3.52) are analogous to Egs. (3.16) and (3.17)
respectively. Thus, the function Y (y) is in the same form as
n
that glven in Eq. (3.19). The. stress function ~ given in Eq. (3.52)
can be written as:
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+ Cin sinh ~ y + DI a y cosh a y) sin ~ xn n n n n
where Aln , BIn' Cin and DIn are constants, to be determined by
consideration of the boundary conditions. Substituting the
corresponding derivitives of Eq. (3.53) into Eqs. (3.45a, b and c) ,
the stress components are found as follows:
2
a = - ct ~Y n
sin a x
n
(3.54a)
(3.54b)
,. = - 0'2 [AI sinh ,ct y + BI (sinh 0' Y + ex y cosh Q! Y)xy n n· n . n n n n
(3.54c)
+ Cin cosh ~nY+ DIn (cosh ~nY +~nY sinh ~ny)J cos ~nx
The boumary conditions along the simply-supported sides can be
expressed in the following manner:
(] = 0
x
v = 0
at x = 0
at x = 0
and L
'and L
(3.S5a)
(3.5Sb)
·'The boundary condi tion of Eq. (3. 5Sa) is automatically satisfied.,
The boundary condition given in Eq. (3.?5b) will be considered
when the in-plane displacements u and v are determined.
For the case in which·the plate elements are subjected
to the edge forces along the lateral side y=a, the boundary conditions
along the side y=O are the following:
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boundary conditions of Egs. (3.56a and b)
(j = 0y
T = 0
xy
Satisfaction of the
results in:
A1n = 0
D = - C1nIn
at y = 0
at y = 0
(3.56a)
(3.56b)
(3.57a)
(3.57b)
Thus, for the case in which the lateral side y=O is free of edge
forces, the stress components given in Egs. (3.54a, b and c) reduce
to:
2
cr = a [B l (2 cos,h a y + a y sinh O! y)x n n n n n
C1 (sinh a y + O! Y cosh a y)] sin O! xn n n n n
<J = - 0!2 [B 1 O! Y sinh a yy n n n . n
+ Cln (sinh O! y - O! Y cosh O! y)] sin a xn n n n
(3.58a)
(3.58b)
1"
xy 0!2 [B l (sinh a y + O! Y cosh O! y)n n n n n
- Cl O! y] cos a xn n n (3.58c)
where Bln and C1n are yet to be determined by consideration of
the boundary conditions along the side y=a.
The in-plane displacements u and v are found by substi-
tuting E~s. (3.58a, b and c) and (3.46a, b and c) into Egs. (3.48a,
b' and c) and integrating the results in Egs. (3.48a) and (3.48b)
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with respect to the x and y variables respectively. The results
are:
(3.59b)
When the displacements u and v are first obtained from the inte-
gration of the results in Egs. (3.48a) and (3.48b), they will con-
tain some unknown functions Z (y) and X (x) respectively. These
n n
two unknown functions can be proven to be linear functions corre-
sponding to the rigid-body motion of the plate by satisfying
Eq. (3.48c). This rigid-body motion is then eliminated by the
application of the boundary condition of Eq. (3.55b).
3.7.2 Normal Edge Force at y=a
The plate element (i-I), shown in Fig. 11, is subjected
· · 1to the in-plane normal edge forces HJ and HJ - along the edges
y=a and y=O respectively. The solution is first obtained for a
situation in which only the edge force Hj is applied and thus,
the lateral side y=O is free of any edge forces. The edge force
Hj is in the following form:
(3.60)
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The stress components and the in-plane displacements for this
case are those given in Eqs. (3.58a, b and c) and (3.S9a and b)
respectively. Therefore, the solution to this case reduces to
the determination of the constants BIn and CIne
-The boundary condi tions along the lat,eral side y=a can
be written as:
Hj
a n sin Q! at y (3.6Ia)= t x = ay n
'T = 0 at y = a (3.6Ib)xy·
Substituting Eq. (3.58b) into Eq. (3.61a) and Eq. (3.S8c) into
Eq. (3.6Ib) results in two simultaneous' equations in terms of the
constants BIn and Cln. Solution to these equations yields:
Hj ex a sinh 0:' a
BIn
n n n
= - 2
· h 2 2 2Q'b t. S1n Q! a - Q! an n
(3.62a)
= -
Hj sinh Q! a + a a cosh Q' a
n n n n
~2t sinh2 Q' a _ 0'2 a 2
n n n
(3.62b)
3.7.3 Normal Edge Force at y=O
· 1The normal edge force HJ - , which has the same form-as
., n
that of Eq. (3.60), is now applied to 1;'he plate element (i-I) along
.th~ si~e y=O. The direct solution for this case can be obtained
by applying the boundary conditions along the lateral sides y=O
andy=a to determine the constants Ain , Bin' Cin and DIn in
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Egs. (3.54a, b and c). The in-plane deformation can then be
obtained by following the same procedure as outlined in Section
3.7.1. However, by a simple transformation of the reference axes,
the.solution of Section 3.7.2 can be applied in this case. There-
fore, the stress components for this case are obtained from Egs.
(3.58a, b and c) in which (a-y) is substituted for y. The in-plane
displacements are those given in Egs. (3.S9a and b) in which (a-y)
and (-v) are substituted for y and v respectively. The constants
Bln and C1n are the same as those given in Eqs. (3.62a and b),
except that H~ in those equations should be replaced by H~-l
3.7.4 Tangential,Edge Force at y=a
As shown in Fig. 12, the element (i-I) is subjected to
· · 1the tangential edge forces SJ along the side y=a, and SJ- along
the side y=O. The solution is given in this section for the case
in which only the tangential edge force sj is applied to the plate
element (i-l). The edge force sj is in the following form:
cos a x
n
(3.63)
Since for this case the lateral side y=O is free of edge forces,
the solution obtained i~ Section 3.7.1 applies. The stress com-
ponents are those given in Eqs. (3.58a, b and c) and the displace-
ments are those given in Eqs. (3.59a and b). The constants BIn
and Cln in these equations are determined by the application of the
boundary conditions along the lateral side y=a. To distinguish the
constants BIn and CIn for this case from those given in Eqs. (3.62a
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and b), the constants in this case will be designated Bin and Cin.
The boundary conditions along the lateral side y=a are the following:
C]
y
T
xy
== 0 at y :: a
at y == a
(3.64a)
(3 .64b)
Substituting Eq. (3.S8b) into Eq. (3.64a) and Eq. (3.S8c) into
Eq. (3.64b) results in two simultaneous- equations in terms of the
constants Bi~ and ein. The solutions to these equations are:
B'In
~ a cosh ~ a - sinh a a
n n n
· h2 2 2Sln eYa - ~ a
n n
(3 .6Sa)
C'In
sj eY a sinh Q' a
n n n
== 2t · h2 2 2an Slll Q'na - ana
(3 .65b)
3.7.5 Tangential Edge Force at y=O
The element (i-I) is now considered to be subjected to
the tangential edge force sj-l along the lateral side y=O. The
d f S j -1. · th f th t· · E (3 63)e ge oree 18 1n e same arm as a glven 10 q. . .
The solution for this case is the same as that given in Section
3.7.3, except that the constants BIn and Cln are replaced by Bin
and Ci~ as given in Eqs. (3.65a and b). The coefficient s~ in
Eqs. (3.65a and b), on the other hand, is replaced by sj-l.
n
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4. ANALYSIS OF BEAM ELEMENTS
4.1 General
In the analysis of the beam elements presented in this
chapter, the beam elements are assumed to be simply-supported at
the ends. The method of analysis employed here is a small-de-
flection beam theory in which a combined action of bi-axial bend-
ing, axial force and torsion will be considered.
The interior beam elements have symmetrical cross-sections
with respect to the z-axis and are subjected to the joint-line
forces along both lateral sides. The exterior beams, on the other
hand, have unsymmetrical cross-section and are subjected to the
joint-line forces along only one side. Therefore, the beam analy-
sis will be developed here for a typical beam element with unsym-
metrical cross-section and subjected to the joint-line forces along
both lateral sides. The results of this development can then be
applied to both the interior and exterior beams. The applied wheel
loads on the beam elements are given in Egs. (3.10) and (3.11) in
terms of the Fourier series. The joint-forces are in the form
given in Egs. (3.14a, b, c and d).
4.2 Differential Eguations of Eguilibrium
An infinitesimal block of beam element i, between the
two cross-sections with the longitudinal coordinates of x and
ex + dx), is subjected to the type of forces shown in Fig. 13.
The reference axis system shown in this figure is a right-handed
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coordinate system passing through the centroid of the cross-section,
which is designated by c. The shear-center of the cross-section is
designated by s. The external forces on this infinitesimal block
are the joint-line forces sj, Hj , Rj and Mj ; the joint-line forces
sj+l, Hj + l , Rj + l and Mj +l ; and the applied wheel load Pbn . The
joint-l~ne forces are applied to the beams at the level of the
middle plane of the plate elements. The shear-center and the
centroi~~,of the cross-section are located some distance z and z
s c
below the level of the joint-lines, respectively. The y-coordinate
of the shear-center is designated by y and the y-coordinate of
s
j+l j j+l jthe joint-lines are designated by y and Y , where y and y
are always positive and negative quantities, respectively.
The internal stress resultants in the infinitesimal
element shown in Fig. 13 consist of the following:
1. Two shearing forces V and V acting in the directiony z
of the y and z axes, respectively, and passing through
the shear-center.
2. A twisting moment M about an axis parallel to the
x
x-axis and passing through the shear-center.
3. Two bending moments M and M about the centroidaly z
axes y and z.
4. An axial force F through. the centroid of the
x
cross-section.
The infinitesimal element shown in Fig. 13 is in equi-
. librium when the summation of all the external and internal forces
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along the reference axes, as well as the summation of their
moments about these axes, or some parallel axes, vanish. The
summation of all the forces along the x, y and z axes yields:
dF
x sj sj+l
dx = -
dV
Hj Hj +1J = -dx
dV
= Rj R j +1z -dx - - Pbn
(4.1)
(4.2)
(4.3)
Summing up the moments of all the forces about an axis parallel to
the x-axis and passing through the shear-center results in the
following:
dM
= Mj +1 _ Mj + (Hj _ Hj + 1) ( j+l J+1x ys)dx z - y - Rs
(ys yj) Rj (ys - 11) -- - + Phn (4.4)
Summing up the moments of all the forces about the y and z axes
results in:
dM (sj+l _ sj)y = V + 'zdx z c
dM j+l Sj+l yj sjz
- V +dx = yy
(4.5)
(4.6)
Eqs. (4.1) and (4.6) are the differential equations of equilibrium.
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4.3 Deformations
A point on any cross-section of the beam will undergo
a displacement which can be resolved into three linear displace-
ments u, v and w along the reference axes x, y and z respectively.
The distortion of the cross-section is assumed "to be negligible
compared to the deformations of the whole cross-section as a unit.
Thus, the displacement of a point on any cross-section is completely
defined by the displacement of the centroid of the cross-section
and the angle of twist,~. However, due to the torsion of the beam,
the cross-section will twist about the shear-center and thus, the
centroid of the cross-section will undergo some displacement due
to this twist, unless the centroid happens to coincide with the
shear-center. Therefore, it would be more appropriate to consider
the displacement u of the centroid of the cross-section, and the
displacement v and w of the shear-center.
4.3.1 Longitudinal Displacement
The displacement of the centroid of the cross-section
along the x-axis is designated by u. The stress-displacement
c
relationship can be written as:
du F
c x
dx = E A (4. 7)
where E is the modulus of elas~icity of the material, and A is the
net area of the cross-section. Differentiating Eq. (4.7) and sub-
·stituting Eq. (4.1) into the results yield the following:
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1 (sj _ Sj+l)
E A (4.8)
The longitudinal displacement, u , of the centroid is found from
c
Eg. (4.8) by substituting Eg. (3.14a) for sj and Sj+l and integrating
the results:
(4.9)
4.3.2 Deflections due to Bending
The deflections v along the y-axis and w along the z-axis,
produced by the bending of the beam, are the same for all the points
on a cross-section. However, in the presence of torsion, the de-
flections v and w due to bending are the same as those of the
shear-center and are designated by v and w .
- s s
The moment-curvature relationship for the bi-axial
bending can be written as:
EI EI
M = J - --Ey Pz Py
EI EI
M z --E= - -z Py Pz
(4.10a)
(4.l0b)
where p and p are the radii of curvatures. I 'and I are they z y z
moments of inertia with respect to the y and z axes respectively.
I is the product of inertia. With the employed sign convention,yz
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as shown in Fig. 13, the curvatures are related to the deflections
in the following manner:
(4.11a)
= - (4.11b)
Substituting Eqs. (4.11a and b) into Eqs. (4.10a and b) results
in the following:
(4.12a)
(4.12b)
d 2v d 2w
Eqs. (4.12a and b) can be solved simultaneously for sand S
dx2 dx2 -
The results are:
d 2v 1s (I T M + I T M)
dx 2
= E y z yz y
d 2w
-1s (I T M + IT M)
dx 2
= E z y yz z
(4.13)
(4.14)
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where
I
I T = Y 2y I I I
Y z yz
I
I T Z=z I I - I 2
Y z yz
I
'I T = yzyz I I - I 2
Y z yz
(4.1Sa)
(4.1Sb)
(4.1Sc)
Differentiating Egs. (4.13) and (4.14) twice, and substituting
the corresponding der~vatives of Egs. (4.5) and (4.6) together
with Egs. (4.2) and (4.3) results in the following:
+ I I (Rj _ Rj+1 _ P +
yz bn - zc
j~)Jdx (4.16)
(4.17)
The boundary conditions at the simply-supported ends can be ex-
pressed in the following form:
v
s
= w
s
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at x = 0 and L (4.18)
The deflections v and w can be obtained by substituting
s s
Egs. (3.14b and c) and (3.10) and the first derivative of Eq.
(3.14a) into Egs. (4.16) and (4.17), and integrating the results
four times. Satisfaction of the boundary conditions of Eq. (4.18)
will eliminate the constants of integration and the final results
for the deflections v and ware as follows:
s s
v = 1 [I' (Hj +1
s -rtt y n
Q'n
j+l s~+l)y -Q'n n
+ I' (Rjyz n R
j +1 _ P + z
nne
CL
n
CL
n
sin CL x
n
(4.19)
1 [I ' (Rj+l - Rj + P + z sj+l - z Q' sj)W =
-rtt O!s z n n n c n n c n nQ'n
+ I' (Hj Hj + j+l O! sj+l yj O! sj)] sin O! x (4. 20)yz n n y n n n n n
4.3.3 Angle of Twist
The relation between the twisting moment M , and the
x
angle of twist ~, can be written as:
M
x
d d 3cp=GJ~-EC
dx dx3
(4. 21)
G J is ,the torsional rigidity and E C is the warping rigidity.
G is the shearing modulus of the material, J is the torsional
-constant and C is the warping constant. J and C are propertie~
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of cross-section and thus, for prismatic beams, they are constant.
The warping rigidity of the box-beams is very small, and negli-
gible in comparison with their torsional rigidity. Therefore, in
the remainder of this development, the relation between the twist-
ing moment,M and the .angle of twist~, will be assumed. to be as
follows:
M = G J ~
x dx (4.22)
Differentiating Eq. (4.22) and substituting Eq. (4.4) into the
results yield the following:
The' boundary conditions at the ends can be wri tten as:
(4. 23)
cp = 0 at x = 0 and L (4.24-)
The angle of twist ~ is found by substituting Egs. (3.14b, c,
and d) and (3.10) into Eq. (4.23) and integrating the results
twice. Applying the boundary condition of Eq. (4.24) will eliminate
the linear expression resulting from the integration, and the final
answer will be as follows:
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z Hj + ( j+l ) Rj +1
s n Y - Ys n
sin a x
n
(4. 25)
The development presen~ed here is applicable to beams with other
types of cross-sections. In the derivation of Eqs. (4.1) through
(4.21), no reference was made to the specific shape of the beam
cross-section, and thus these equations are valid for beams with
other types of cross-sections as well. However, Eq. (4.22) is
valid only for beams with negligible warping rigidity. For beams
with appreciable warping rigidity, Eg. (4.21) should be used instead
of Eq. (4.22).
4.4 Internal Stress Resultants
The internal stress resultants in the beams can be ob-
tained from the force-displacement relationships. Substituting
the first derivative of Eg. (4.25) for ~ into Eg. (4.22) results
in the following:
M
x
1
Q'n
Mj +1 + Z
n s
+ (y - yj) Rj + (~ - y ) p ] cos ~ x
s n s n . n
(4.26)
The moments M and M are obtained from Eqs. (4.12a) and (4.12b)y z
by substituting the corresponding derivatives of v and w from
s s
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Egs. (4.19) and (4.20) :
M 1 (Rj + 1 Rj + sj+l sj) sin Q' x (4-.27)= 2 Pn + z O! - Z CiY n n c n n c n n n
Q'n
M 1 (H j Hj +1 j+l Sj+l yj sj) sin (4.28)= 2 + y O! ct Q' XZ n n n n n n n·O!
n
The axial force F can be found from Eq. (4.7) by substi tuting
x
Eq. (4.9) for u . The result is as follows:
c
F 1 (sj _ sj+l) sin Q' x (4. 29)=x Q' n n nn
The shearing forces V and V can easily be determined from they z
equilibrium conditions given by Egs. (4.5) and (4.6). Substituting
the corresponding derivatives of M and M from Egs. (4.27) andy z
(4.28) into Egs. (4.5) and (4.6) results in the following:
V 1 (Hj +1 - Hj )= cos Q' X
Y O! n n nn
V I (R j +1 _ Rj + P )= cos Q:' XZ a n n n n
n
(4. 30)
(4.31)
4.5 Application to the Interior and Exterior Beam Elements
The developments presented in Sections 4.2, 4.3 and 4.4
were made in such a way that they could conveniently be applied
to the interior and exterior beam elements. In this section the
use of the results of these developments is discussed, and the
deformations of the beam elements along the joint-lines are
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determined.
4.5.1 Interior Beam Elements
The interior beam elements have symmetrical cross-section
with respect to the z-axis and as a result, the product of inertia
I and the y-coordinate of shear-center y , will vanish. There-yz , . s
fore, for the interior beam elements the following relations hold:
Ys = .0 (4.32a)
j+l
-yj b (4.32b)y = = 2
I T 1 (4.32c)= ry
z
I T 1
.(4.32d)= rz y
I 1 = 0 (4.32e)yz
-The above relations should be substituted in the expressions de-
rived for deformations and internal stress resultants in Sections
4.3 and 4.4. Although the substitution of these relations will
substantially reduce the expressions for deformations and internal
stress resultants, they are not repeated here in order to save
space.
4.5.2 Exterior Beam Elements
The exterior beam el~ments are considered to -have un-
symmetrical cross-section in order to make it possible to take
into account the effect of curb and parapets 'when desired. On
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the other hand, the exterior beam elements are under the in-
fluence of joint-line forces only along one lateral side. There-
fore, the deformations and the internal stress resultants of the
exterior beam elements are obtained from those derived in Sections
4.3 and 4.4, by eliminating the joint-line force coefficients of
one of the lateral sides. The joint-line force coefficients
designated by the superscript (j+l) or those designated by the
superscript j will be omitted depending upon whether the exterior
beam element is located at the right side or at the left side of
the bridge.
4.5.3 Deformations Along the Joint-Lines
The deformations of the beam element i, along the
joint-line j, can be determined from the following relations:
u
j yj dv dw~+ s= u z dxc dx c
v
j
= v + z qJs c
w
j
= w + yj cps
epj
= Cf'
(4.33a)
(4.33b)
(4.33c)
(4.33d)
The deformations along the joint-line (j+l) are in the same form and
can be obtained by substituting (j+l) for the superscript j in the
above equations. The expressions for the deformations u , v , w
c s s
and qJ, derived in Section 4.3, together with the modifications of
Sections 4.5.2 and 4.5.3 should be substituted in Eqs. (4.33a, b,
-51-
c and d). These joint-line deformations should be determined
in order to satisfy the compatibility conditions along the
joint-line~.
4.6 Properties of the Cross-Section
The cross-sectional properties of the beam elements
affecting the analysis are discussed in this section. Although
the beam elements contain some reinforcing and prestressing steel
bars, the effect of these bars on the cross-sectional properties
is very small and can be ignored. Therefore, the cross-sectional
properties are determined based on the gross area of the concrete.
The moments of inertia -1 and I , and the location ofy z
the centroid of the cross-section for the interior and exterior
elements, together with the product of inertia I for the exterioryz
beams are found by the usual straightforward procedure. The other
cross-sectional properties affecting the analysis are the coordinates
of the shear-center and the torsional constant J.
The location of the shear center and the torsional constant
are determined by assuming that the beam elements have thin-walled
sections. The thin-walled section assumption for the beam elements
corresponds to the assumption that the shearing stresses due to
bending and torsion are constant through the thic'kness. This
assumption is fairly good for the interior beam elements. For the
exterior beam elements the curb section and the beam section, added
together, will produce a thick rectangular block on the top of the
beam. The analysis for the shear-center of the exterior beam as a
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thick-walled member will reduce to the determination of the
solution to a governing second-order partial differential equation.
This differential equation is analogous to those of the torsion
and membrane theories. However, this analysis is quite involved
and thus, an approximate solution will be obtained based on the
analysis of thin-walled members.
Figs. 14 and 15 show the actual and the idealized
cross-section of the interior and exterio~ beams, together with
the profile of the deflected surface of the analogous membrane.
The solid curves in the profile sections shown in Fig. 15 represent
the deflected surface of the analogous membrane around the curb
and parapet for the actual cross-section of the exterior beam.
The areas under the solid curves can be approximated by the areas
under the dotted curves. Therefore, as shown in Fig. 15, the
cross-section of the exterior beam is considered to be composed
of the cross-section of the interior beam plus two rectangular
sections for the curb and parapet. The thickness of the rectangular
section representing the curb is considered to be equal to the
thickness of the curb·and that of the top of the interior beam
element.
4.6.1 Location of Shear-Center
Consider the bending of a thin-walled single-cell
member shown in Fig. 16a. The reference axis system shown in
this figure is a right-handed coordinate system passing through
the centroid of the cross-section. An infinitesimal element of
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this member is subjected to the internal forces shown in Fig. 16b.
The s-coordinate is measured along the perimeter of the cross-section.
q is the shear-flow per unit length of s and is positive when di-
s
rected toward the positive direction of s. The equilibrium differ-
ential equation is obtained by-setting the summation of the forces
acting along the x-axis equa~ to zero. The result is in the follow-
ing form:
oq ocr
s x
oS + t ox = a (4. 34)
where t is the wall thickness of the cross-section and is a function
of the variable s. Integrating Eq. (4.34) results in the following,:
ocr
x
t ax ds (4. 35)
q is the shear-flow at the origin s = o.
o
Fig. 16c shows the location of the shear-center and the
reference axes of the cross-section. The resultant shearing forces
V and V should pass through the she~r-center in order for they z
cross-section to remain untwisted. To obtain the y-coordinate of
the shear-center, it can be assumed that M = 0, and thus V = 0.'
z y
Taking moments about any convenient po~nt, say point. 0 in Fig. 16c,
results in:
t
Y V =1 r q dso z s
o
where Y is "the y-coordinate of the shear-center reLative to
o
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(4.36)
point o. r is the moment arm of the shearing force (q ds) about
s
point 0, and is dependant on s. The moment arm r is positive in
the same sense as is the moment itself. In Fig. 16c the positive
direction of moment is indicated. The upper limit of the integral
in Eq. (4.36) is designated by t, to indicate the integration over
the entire periphery of the cross-section. The determination of
Y from Eq. (4.36) requires the explicit form of the shear-flow q .
a s
The expre~sion for normal stress a in bi-axial bending
x
can be written as follows:
a = (z I T - Y IT) M - (yI T - zIT ) M
x z yz y y yz z (4.37)
where IT, IT and It are given in Egs. (4.l5a, b and c). Assumingy z yz
M = 0 as mentioned above, and differentiating Eq. {4.37) with
z '
respect to the x-variable, result in the following:
ocr
x
dX = (z I T - Y IT) VZ yz z (4.38)
The shear-flow q can now be obtained by substituting Eq. (4.38)
s
into Eq. (4.35). The result is as follows:
q = q - [I T Q (s) - I T Q
z
(s) ] V
S 0 Z Y yz z
where
Qy (s) == 1s z t ds
o
Qz(s) ==~s Y t ds
a
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(4. 39)
(4.40a)
(4.40b)
Qy(S) and Qz(s) are the moments of area, from zero (origin of s)
to s, about the centroidal axes y and ?, respectively.
Eq. (4.39) shows that the shear-flow q is indeterminate,
s
since the value of q is unknown. In case of thin-walled
o
open-sections, s can be measured from the free end of the
cross-section, resulting in a zero value for q , and thus the
o
shear-flow is determinate. For the closed-section under consider-
ation, one could introduce a cut at any convenient point on the
cross-section, and measure s from the cut-point, in order to re-
duce the case to that of the open sections. The unknown shear-flow
q is then superimposed on the open-section. Therefore, the re-
o
sulting shear-flow is still in the same form as that of Eq. (4.39).
The compatibility requirements at the cut-point are ensured by en-
forcing the condition that the integral of the shearing strains
over the periphery of the closed-loop of the cross-section must
vanish. Hence:
~ qs- ds = 0G t (4.41)
Assuming a constant shearing modulus G, and substituting Eq. (4.39)
for q into Eq. (4.41) result in the following:
s
where .
f Q (s) . f Q (s)Q 1 [1 T _Y__ ds _ 1 T _z__ dsJ.o - i d~ z t yz t
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(4.42)
(4. 43)
Q is a constant and can be thought of as a cross-sectional
o
property. The shearing-flow q for the closed-loop portion of
s
the cross-section can now be determined explicitly by substituting
Eq. (4.42) for q into Eq. (4.39):
a
q = [Q - It Q (8) + If Qz(s)] V
s 0 z y yz z (4. 44)
(4.45)
The y-coordinate of the shear-center relative to point 0
is given in Eq. (4.36) in terms of the shear-flow q. Therefore,
s
substituting Eq. (4.44) for qs into Eq. (4.36) yields the final
result as follows:
Y = 2 1\ Q - IzTI.f- Q (s) r ds + I I It Q (s) r ds
o 0 0 y yz z
o 0
where Q is given in Eq. (4.43) and A is average of the areas en-
DO·
closed by the outer and inner boundaries of the closed-loop portion
of the cross-section. Similarly, one can obtain the z-coordinate
of the shear-center, relative to point 0, 'as the following:
:t t
Z == -2 A Q1 + I II Q (s) r ds - I T I· Q (8) r ds (4.-46)a o y z yz y
0 0
where Q1 is similar to Qo as follows:
1 'TfQz(S) I fQy(S)
Q1 == i d~ [ly -t- ds - I yz -t- ds] (4. 47)
Eqs. (4.45) and (4.46) represent the location of the shear-center
relative to any convenient point of the cross-section.
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"The location of the shear-center of the exterior beam
elements is obtained from Egs. (4.45) ~nd (4.46). For the interior
beam-elements, because of the symmetry with respect to the z-axis,
the shear-center lies on the z-axis, and thus only the z-coordinate
of the shear-center need be found. Furthermore, the relations
given in Egs. (4.32c, d and e) for the interior beam will reduce
the expression for the z-coordinate of the shear-center, given in
.Egs. (4.46) and (4.47).
4.6.2 Torsional Constant
The torsional constant' J for the interior beam elements
J =
are determined from the following expression:
4 A2
o
,t~
'J' .t
A is average of the areas enclosed by the outer and inner
o
boundaries of the cross-section. t is the wall-thickness of
(4.48)
the cross-section, and s is measured along the perimeter of the
cross-$ection.
For the exterior beam elements, as described before,
the torsional constant J is taken as the summation of the torsion~l
constant of the interior beam given in Eq. (4.48) and the torsional
constants of two rectangular sections representing the curb and
parapets. The torsional constants of the rectangular sections
are found as the following:
(4. 49)
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band t are the dimensions of the rectangular section and t is
the smaller.
Eq. (4.48) is derived for thin-walled sections based
on the membrane analogy, and Eq. (4.49) is derived for narrow
rectangular sections. The complete derivation of these two
equations can be found in Reference (29).
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5 . DEVELOPMENT OF SOLUTION
5.1 General
In this chapter the results of the analysis of all
of the beam and plate elements are combined in order to arrive
at the complete solution. The method of solution employed here
is a flexibility type which is mostly referred to as the method
of influence coefficients. The un'known stress resultants along
the joint-lines, as well as all.the internal stress resultants
and deformations of the beam. and plate elements, are in terms of
trigonometric functions of x. Therefore, as can be seen from
the form of Eqs. (3.14a, b, c and d), the unknowns are actually
the coefficients S , H , Rand M of the stress-resultants along
n n n n
the joint-lines. The continuity requirements are met by equating
the deformations of the adjacent beam and plate elements along
the joint-lines. The deformations of the beam and plate elements
along the joint-lines are in the compatible form of the trigono-
metric functions. This fact can easily be examined from the re-
suIts of the analysis of the beam and plate elements presented in
chapters 3 and 4. Therefore, the continuity requirements along
each joint-line provide four equations in terms of the unknown
stress-resultant coefficients, since the trigonometric functions
of x can be cancelled out.
The fact that the trigonometric functions of x can be
cancelled out of the continuity equations would mean the following:
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If the continuity requirements are met at
one point along the joint-line, then the con-
tinuity requirements are automatically met
along the entire joint-line.
Hence, the matrix formulation of the solution will be developed
based on the coefficients of the .. stress resultants and deformations,
since the trigonometric functions are known.
5.2 Flexibility Matrices of the Beam and Plate Elements
The displacements of the beam and plate elements along
the joint-lines produced by the joint-line stress resultants, are
represented by the column matrices 8b and 8p . Thus:
6. 2l+
k,l
e =p
8. 31-
k,l
(5.1a) (S.lb)
where k, the order of these matrices, is the number of the
joint-line displacements and is equal to 8 (NB-l). Each term
in the matr~~es given in Egs. (5.1a and b) is a sub-matrix de-
fining the displacements of one beam or plate element.
8. l' for example, are in the following form:
1-
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8. and
1
8. ==
1
(S .2a)
8,1
8. 1=1-
(5.2b)
Each term of these two s·ub-matri'ces is a sub-matrix itself.
j j-1 .'8. and e. l' for example, are the displac'ements of the beam
1 1-
element i and the plate element (i-I) alorig the joint-lines
j and (j-l) respectively. Hence:
u~
1
e~ V~1=1 w~· .
1
cp~
1 4,1
(5.3a)
j-lU
i
_
1
j-l
j-l vi _1
e. 1 =1- j-l
w.1-1
ow. Ij-l1-Cay-)
4,i
(5.3b)
Considering the beam element i and the plate element (i-I),
the force-displacement relationship can be written as:
8. 1 = f N. 11- P 1-
(5.4a)
(5 . 4b)
The square matrices f b and f p are the flexibility matrices of
the individual beam and plate elements respectively. The column
matrices N. and N. 1 represent the unknown joint-~ine stress-resultant
1 1-
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coefficients and a~e in the following form:
N. =
1
(5. Sa)
N. 1 =1-
where each term of these two matrices is a sub-matrix associated
with the joint-lines designated by the superscripts. The
sub-matrix Nj , for example, is in the following form:
4,1
(5.5c)
The flexibility matrices f b and f p can each be partitioned
into four sub-matrices, in the following form:
f bt t f, b~,r
f b = - - -
f ) f br ·rbr,-{, , 8,8 (5 .6a)
f fpt,t I pt, r
f = - - -P
f I- fpr,t pr, r 8,8 (5.6b)
f for example, is a sub-matrix representing the flexibilityp~,r,
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coefficients of the 'plate elements associate'd wi th the left side
joint-line and produced b~ the right side joint-line stress re-
sultants. The flexibility matrices f b and f p are obtained based
on the analysis of the beam and plate elements presented in
Chapters 3 and 4. Each term of the flexibility matrices f is
, p
an expression in terms 'of hyperbolic functions. The details of the
flexibility matrices f p and f b are given in Section5 8.1 and 8.2
of the Appendix, in order to save space in the content of the text.
The force-displacement relationship for all of the beam
and plate elements along the joint-lines can be expressed as follows:
e = F NP p
(5.7a)
(5.7b)
where N is a column matric representing the unknown stress-resultant
coefficients of all the joint-lines. Fb and Fp are the overall
flexibility matrices of the beam 'and plate elements respectively.
Hence:
N =
Nj - 1
Nj
Nj +1
Nj + 2
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(5. 8)
The overall flexibility matrices Fb and Fp are in the following form:
f p
F =p
(5 .9a)
f br,r
(5.9b)
5.3 Displacements of the Beam and Plate Elements Due to
the Wheel Loads
The displacements of the beam and plate elements along
the joint-lines, due to the applied wheel loads, are represented
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by the following column matrices:
k,l
(5 .lOa~
6 =p
k,l
(5.l0b)
The typical terms 6.. and 6·. 1 in the above two rnatrices ca"n be
1 1-
written in the following form:
6
i =
8,1
6 .. 1 =1-
(5.l1a) (5.11b)
j-l j6. 1 and 6. l' given in Eq. (5.1lb) are the sub-matrices
1- 1-
representing the displacements of the plate element (i-I) along the
joint-lines (j-l) and j produced by the wheel loads. Applying
Eqs. (3.34), (3.37), C3.39) and (3.40), results in the following:
0 0
6 j - 1 _ 0 6i-c1
0
=i-I ~ G
n, (i-I) Kn, (i-I)
G1 " C- 1) KIn, (i-I)n; 1-
(S .12a) (S .12b)
-66-
For other plate elements only the superscript j and the subscript i
in Egs. (S.l2a and b) will be changed by 2.
5~ ·+1and 5~ in Eq. (S.lla) are the sub-matrices repre-
1 1
senti'ng the displacements of the beam element i along the joint-
lines j and (j+l) due to the wheel loads respectively. To determine
these two sub-matrices, Egs. (4.9), (4.19), (4.20) and (4.25) are
substituted in Egs. (4.33a, b, c and d). The results are as
follows:
yj I t + z Ityz C z
EO'
n
z 11. It
( S 1 _ yz)
G J EO' 2
n
5~ Pn i= ,
1 --2 11. (yj-ys) I tex n ( 1 +~)G J EO' 2
n
11.
1
G J 4,1
(5 .13)
6~+1 is in the same form as given in Eq. (5.13), except that the
1
superscript j is changed to (j+l). For the interior beam elements,
Eg. (5.13) reduces to a simpler form since the relations given in
Egs. (4.32a, b, c, d and e) should be applied. For other interior
beam elements, only the superscript j and the subscript i in
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Eq. (5.13) will be changed by 2. For the exterior beam elements
· ·+1o. given in Eq. (5.11a) reduces.to either 6~ or 6~ , depending
1 1
on whether the exterior beam is located at the right side or at
the left side of the bridge..
5.4 Continuity Equations·
The unknown joint-line stress-resultant coefficients
are represented by the matrix N given in 'Eq. (5.8). The relative
displacements along the joint-lines, produced by the joint-line
stress resultants, are represented by the column matrix 8. Hence:
8 = e - e (5.14)b P
Sb and Sp are defined in Eg. (S.la and b). Substituting
Ega. (S.7a and b) into Eq. (5.14) results in the following:
e = F N
where
F = F - Fb P
(5 .15)
(5.16)
The matrix F is the overall flexibility matrix of the bridge
superstructure. Fb and Fp ' the overall flexibility matrices of
the beam and plate elements, are given in Eqs. (S.ga and b). The
relative displacements along the joint-lines, due to the applied
wheel loads, are designated by the column matrix o. Thus:
6 = 6 - 0 (5 . 17)b P
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{)b and {) p are known column matrices given in Eqs. (5.10a and b) .
The continuity requirements along the joint-lines are expressed
as follows:
o + F N = 0
The solution to the above continuity equation yields:
F- 1 ~N - - u
(S .18)
(5.19)
Therefore, the unknown joint-line stress-resultant coefficients
are found from Eq. (5.19).
5.5 Internal Stress Resultants in the Beam Elements
The internal stress resultants in the beam elements were
derived in Chapter 4, and are given in Egs. (4.26) through (4.31).'
The matrix formulation of these internal stress resultants is made
simply by putting Egs. (4.26) through (4.31) into one matrix equation.
The internal stress resultants in beam element i, designated by the
column matrix T. can be written in'the following form:
1
F
x,i
Vy,i
V
z,i
T.
-- = B N. + Bo,i Pn (5. 20)1 M 1
x,i
My,i
M
z,i 6,1,
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where the matrix N. is given in Eq. (5.59) and p is given in
1 n
Eq. (3.11). The matrix B can be partitioned in the following form:
(S.2la)
where Bl and B2 are the sub-matrices representing the coefficients
associated with N~ and N~+l respectively. From Eqs. (4.26) through
1 1
(4.31) the matrices Bl , B2 and B . can be found as follows:0,1
1 0 0 0 -1 0 0 0
·0 -1 0 0 0 1 0 0
1 0 0 -1 a 0 0 1 aB = [Bl B J=-2 ex
(ys -yj) (j+l )n 0 1 0 z -1-z y -y
s s s
0 -1 0 0 1 0-z - z -
c O! c ex
n n
'.... j 1 0 0 j+l -1 0 0-y - y -O! Q'nn 6,8
(5.21b)
0
0
B 1 1 (5.21c)
o,i = -Q' (11. - y )n
1 s
.1
-ex
n
0 6,1
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For the interior beam elements, the relations given in Eqs.
(4.32a and b) are substituted in the matrices Band B . given
0,1
in Egs. (5.2Ib and c). For the exterior beam elements the
matrices Ni and B will reduce to either Nl and B1 or Nl+1 and B2 ,
depending on whether the exterior beam is located at the right
side or at the left side of ~he_bridge.
5.6 Effective Width of Slab
The effective width of slab is deflned 'as the portion
of slab acting compositely with the beams. It is the usual practice
to define such an effective width in order to determine the maxi-
mum bending stresses simply by applying the elementary beam theory
of bending. Therefore, the effective width of slab is considered
here in such a way that the resulting composite beams will be free
of any internal axial force. The normal stress in the effective
portion of slab is taken as the average of normal stresses in the
beam elements at the level of the middle plane of slab, in order
to comply wi th the simple beam theory. He,nce:
cr 0 = -z (IT M 0 + IT M 0) - !2 (yj + yj+l) (IT M 0 + IT M 0)
X,l C Z Y,l yz Z,l Y Z,l yz y,l
F •
+ X,l
--r (S . 22)
The effective width of slab for the interior beams can be determined
from the following expression:
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E.W. (5. 23)
For the exterior beams, the effective width is found as follows:
E.W. (5. 24)
where b is the width of slab extended beyond the exterior beams
s
(see Fig. 15). cr . is first obtained from Eq. (5.22) and is then
x,l
substituted in Egs. (5.23) and (5.24). The total moment about the
y-axis on the composite section, 'designated by M . can be foundYC,l
as follows:
M • = M • + 'z F •YC,l Y,l C X,l (5.25)
Eq. (5.22) is subjected to the relations given in Eqs. (4.32b, c,
d and e) when used for the interior beams.
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6. DISCUSSION OF RESULTS
6.1 General
An extensive field study of the actual load distribution
in spread box-beam bridges has been under way at Lehigh University
since 1964. In Section 6.2 of this chapter the validity of the
theoretical analysis presented in this paper is verified by compari-
son with the results of the field tests. The theoretical analyses
should not always be accepted with complete confidence without
verification by comparison with the results of tests on real
structures. On the other hand, field tests cannot give the full
picture of the behavior of structures since the effect of all
existing variables cannot be studied. In Section 6.3 of this
chapter an extensive study of all variables involved in the analy-
sis is presented. Over three hundred different bridge super-
structures are analyzed under different patterns of truck loading
in order to present the full picture of the behavior of spread
box-beam bridges. Based upon the results, a simplified design
procedure for the determination of lateral load distribution is
developed and recommended.
6.2 Comparison of Field Test Results and Theory
A comparison of the field test results with the theo-
retical analysis for the Drehersville Bridge,3 the Berwick Bridge,5
the White Haven Bridge? and the Philadelphia BridgeS are depicted
in Figs. -'17 through 26." In all of these figures, the points marked
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by squares and triangles show the results of the theory when the
curbs, and the curbs and parapets together, ,are considered to act
compositely with the exterior beams, respectively. The points
marked by circles represent the field test results .. The plots in
Figs. 17 through 26 show the influence lines for moments in the
exterior. and interior beams as the center of the test truck is
located at different positions across the width of the bridge.
The .moment percentages, plotted in these figures, are those of
the section of maximum moment as the drive axle of the test vehi-
cle passes over this section. The beams are designated by the
letters A, B, C, etc., from the left to the right side of the
cross-section of the bridge.
6.2.1 Drehersville Bridge3
The test span, which was the northwest span of the
three-span bridge, was simply supported with a length of 61 feet
6 inches. The bridge superstructure contained five identical
precast, prestressed box-beams of 48 inches width and 33 inches
depth, which were equally spaced at 86 inches, center-to-center.
The reinforced concrete deck providing a roadway 30 feet in
width, was cast in place compositely with the beams. The speci-
fied minimum slab thickness was 7-1/2 inches. The curbs and para-
pets had the standard dimensions given in the PDH standard speci-
fications. 2 The strain distribution at the outer face of the ex-
terior beams, curbs, and parapets indicated full composite action
between the exterior beam, the slab, the curb and the parapet
sections.
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Although the full composite action of the curbs and
parpaets was observed .in the field test, the data reduction was
based on some effective width for the parapet:3
"The sequence of calculation for the exterior
girder was (1) to check whether maximum slab
width of 84 inches was required; if so (2) to
check whether the maximum curb width of 33
inches was required, and then; if so (3) to
calculate the required width of parapet. T1
Therefore, the results of the field test are expected to fall
somewhere between the theoretical values designated by the square
and triangular points in Figs. 17, 18 and 19. A study of the
influence lines shown in Figs. 17, 18 and 19 reveals an excellent
agreement between the results of the field test and the theory.
6.2.2 Berwick Bridge5
The test span which was the center span of the three-span
bridge, had a length of 65 feet 3 inches. Four identical precast,
prestressed box-beams 48 inches wide and 39 inches deep, were
spaced at 8 feet 9-3/8 inches, center-to-center. The slab, which
provided a 28-foot roadway, was cast in place compo-sitely with the"
beams. The specified minimum thickness of the slab was 7-1/2 inches.
The 33-inch wide curbs and the IS-inch wide parapets were cast mono-
lithically. The parapets were constructed with 1/2-inch wide
vertical gaps at four equally spaced positions along the span.
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The reduction of the test data was based on a similar
procedure as described in Section 6.2.1. Thus~ the test results
are again expected to fall somewhere' between the results of the
theory with curb, and with both curb and parapet, as designated
by square· and triangular points in Figs. 20 and 21.
6.2.3 White Haven Bridge?
The test span had almost identical properties with the
Berwick Bridge, except that the four box-beams in this case were
36 inches wide and 42 inches deep. This field test was conducted
in order to study the influence of beam width. The test span had
a length of 66 feet 1-5/S inches. The beams were spaced at 9 feet,
center-to-center. The slab had a specified minimum thickness of
7-1/2 inches, and provided a 2S-foot roadway. The curb and parapet
sections were identical to those of the Berwick Bridge, except that
the parapets contained 1/2-inch wide vertical gaps at three equally
spaced positions along the span.
Figs. 22 and 23 show the comparison of the results of the
field test and the theory. The field test results fall somewhere
between the theoretical values designated by the square and tri-
angular points, as expected.
6.2.4 Philadelphia BridgeS
The purpose of the Philadelphia Bridge field study was to
investigate the effect of the mid-span diaphragm on load distri-
bution. The bridge was first tested with the mid-span diaphragm
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in place, and the'n the same tests were repeated after the diaphragm
had been removed. The test span had a length of 71 feet, 9 inches.
The bridge superstructure consisted of five identical precast, pre-
stressed box-beams, covered with a cast-in-place reinforced concrete
deck. The box-beams, which were 48 inches wide and 42 inches deep,
were equally spaced at ~ feet 6 inches, center-to-center. The
mid-span diaphragm was 10 inches thick. The reinforced concrete
dec'k provided a 40-foot roadway._ The specified minimum thic'kness
of slab was 7-1/2 inches.
The results of this field test showed that the effect of
mid-span diaphragm was not of particular significance, and when all
of the design traffic lanes were loaded, this effect became negli-
gible. Another important finding in this test was that the para-
pets were not fully effective in composite action with the curbs.
Therefore, based on this field test, the full effectiveness of
parapets in composite action with the curbs is questionable. With
regard to the effect of mid-span diaphragms, the following con-
clusion was made, based on the results of this field test: 8
fTThe diaphragms did transmit loads laterally,
but owing to compensating effects when various
lanes were loaded, the experimentally determined
distribution factors were not appreciably affected.
Based on the testing of the Philadelphia Bridge,
the necessity of the use of mid-span diaphragms
is questionable. TT
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Figs. 24, 25 and 26 show the comparison between the
results of the field test and the theory, in the form of influence
lines for moments in the exterior beam A, the adjacent interior
beam B, and the center beam C. In these figures the results of
the Guyon-Massonnet theory15,16 are also depicted by solid triangu-
lar points. The comparison of the results of the field test and
the Guyon-Massonnet theory was made in Reference 8. As can be ob-
served from Figs. 24, 2S and 26, the results of the·. Guy-on-Massonnet
theory do not agree with the test results as nearly as do the re-
sults of the theory presented in this paper.
6.3 Study of the Variables
The comparison of the results from the field test with
those derived from the theory presented in Section 6.2 proved the
validity of the theory. ,The next step in this investigation was
to study the effect of all variables involved in the analysis.
These variables are composed of the material properties and the
bridge geometry. The material properties involved in the analysis
are Poisson's ratio v and the ratio of the modulus of elasticity
of beam concrete to that of the slab. The parameters concerning
the geometry of the bridge which affect the results of the analy-·
sis are:
1. Dimensions of curbs and parapets
2. Thickness of slab
3. Dimensions of precast beams
4. Span length of bridge
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5 . Spacing of be'ams
6. Total width of bridge
7. Number of beams
6.3.1 Material Properties
Two material properties, namely Poisson's ratio v and
the ratio of modulus of elasticity of beam concrete to that of
Ebthe slab ( IE) are involved in the analysis. Poisson's ratio v
s
for concrete varies widely, depending on the age of -the concrete,
type of aggregates, and other factors. To observe the effect of
PoissonTs ratio, a high and a low limiting value of 0.25 and 0.05
were chosen for the comparison. Fig. 27 shows the effect of these
two limiting values of v on the load distribution in a 40-foot
wide bridge with 5 beams. The span length was taken as 70 feet.
The results shown in Fig. 27 clearly indicate the insignificance
of the variation of v on the load distribution. For this reason,
an average value of 0.15 was considered as a fixed value for
Poisson's ratio.
The modulus of elasticity for precast prestressed concrete
beams is higher than that of the cast-in-place reinforced concrete
slab. The ratio of the two, however, is normally smaller than 1.5
and greater than 1.0. A comparison is shown in ·Fig. 28 for the
limiting values of 1.5 and 1.0. Since the influence of this vari-
ation on the load distribution is insignificant, the modulus of
elasticity of concrete will be considered to be the same for both
the prestressed beams. and the slab.
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6.3.2 Effect of Curbs and Parapets
Figs. 29, 30 and 31 show the influence lines for beams
A, Band C of the Philadelphia Bridge. These influence lines are
plotted in order to observe the effect of curbs and parapets. The
points mar'ked by circles in these figures show the results from the
theoretical analysis when the effect of curbs and parapets are not
taken into account. Basically, curbs and parapets are not installed
as load-carrying members. The results of field tests- showed the
full effectiveness of curbs in composite action with the exterior
beams, with partial effectiveness of the parapets, at least in the
test conducted on the Philadelphia Bridge. Therefore, while it
does not seem safe and reasonable to account for full effectiveness
of the parapets, it certainly would be appropriate to consider the
curbs to act compositely with the exterior beams. On the other
hand, the practicing engineer apparently would rather not account
for the curbs in the design in order to simplify the design and
construction of bridges.
From Figs. 29, 30 and 31, it can be observed that the
effect of curbs on the load distribution is not very significant,
and it would be on the conservative side, at least for the interior
beams, to disregard this effect. Therefore, the effect of curbs
and parapets will be omitted in the remainder of this study for
the sa'ke of simplici ty in the design and construction of bridges.
6.3.3 Variation in Thickness of Slab
The effect of variation in slab thickness is demonstrated
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in Fig. 32. As shown in this figure, the slab thickness of the
Philadelphia Bridge is changed from 7.5 inches to 9~O inches, and
the effect of this change is not particularly significant. On the
other hand, based on the design of slab, the Pennsylvania Depart-
ment of Highways applies the following rules to the variation of
slab thic'kness:
Clear Spacing Between Beams
From 2 1 - 9 TT to 51 - 7 TT
From 51 - Ion to 6 1 - Ion
From 7 T - on to 7 1 - 9ft
Slab Thic'kness
7-1/2 Tt
8 fT
Since the load distribution is not very sensitive to
the variation of slab thickness, the above PDH rules are con-
sidered to be adequate, and will be used in the remainder of
this study.
-81-
6.3.5 Effect of Span Length
Figs. 34 and 35 show the effect of span length of the
bridge on the load distribution. The total width of the bridge
is taken as 40 feet, and the span length from 40 feet to 115 feet
with intervals of 15 feet. Fig. 34 shows the influence of the span _
length, when the standard truc'k loading is located in the center of
the bridge, which will produce the maximum response in the center
beam. Fig. 35 shows the same effect for the maximum response of
the exterior beam. A study of these two figures reveals the sig-
nificant influence of span length on the load distribution. When
the span length of the bridge is changed from 115 feet to 40 feet,
the moment percentage is doubled in the center beam and increased
by 5~~ in the exterior. On the other hand, the effect of span
length on the exterior beam moments of Fig. 34, and on the center
beam moments of Fig. 35 is not only less pronounced, but it is in
the opposite direction.
In order to observe the complete picture of the span
length effect, the influence lines for the moments in the exterior
beam A, the adjacent interior beam B, 'and the center beam C of a
40-foot wide bridge are shown in Figs. 36, 37- and 38 respectively.
The influence lines in these figures are shown for different span
lengths of 40, 70 and 100 feet. From the examination of these
influence lines, it can be concluded that the more uniformly the
bridge is loaded, the less pronounced is the effect of span length.
This would mean that the effect of span length is dependent upon
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the number of design traffic lanes and the total width of the
bridge. Furthermore, as will be seen later, the number of beams
is another factor affecting this behavior.
Since one of the major factors influencing the load
distribution is the span length, and as can be seen from Figs. 34
and 38, the load distribution factor is a decreasing function of
span length. To observe the type of this decreasing function,
the moment .~~rcentages in the center beam of Fig. 34 are plotted
against the corresponding span lengths in Fig. 39. The curve
passing through the plotted points in this figure has an approxi-
mately hyperbolic shape with the horizontal line of 20% moment as
an asymptote. The fact that the 20% value is an asymptote can
readily be observed from Fig. 34. As the span length increases,
the load is distributed more uniformly in all of the beams. When
the span length increases sufficiently, all of the beams will take
the same share of the load.
In summary, from the study of Fig. 39, it can be con-
cluded that the load distribution is likely to be equal to a function
inversely proportional to span length plus a constant which is equal
to the total load divided by the number of beams.
6.3.6 Spacing of Beams
Another important factor influencing the load distribution
is the spacing of beams. In fact, the load distribution factors
listed in the AASHO specifications are in the form of spacing di-
vided by a constant number. For a given width of bridge, the
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maximum load distribution in the beams increases as the spacing
of beams increases. ,rherefore, it would be natural to suspect
that the load distribution is directly proportional to the spacing
of beams. By combining the effects of the span length and the
spacing o~ beams, it can be concluded that the load distribution
is likely to be a linear function of S/L, where S is the spacing
of beams, and L is the span length of the bridge.
From the stu~y of. influence lines for moments in
different interior beams, it was found that when all of the design
traffic lanes are loaded, the maximum moment will occur in the
center beam or in the beam closest to the center line of the bridge.
The standard HS20 truck was assumed to occupy a width of 10 feet
within each design traffic lane. Fig. 40 shows plots of the maxi-
mum load distribution factors against different values of S/L for
a 44-foot wide bridge with five beams. The load distribution
factors in this figure are given in fraction of wheel loads of
the HS20 standard truck. To observe the effect of the beam d~pth,
the plots of load distribution factors in the figure are shown for
the beam depths of 48, 36 and 21 inches.
According to the AASHO speci~ications, a 44-foot wide
bridge should be designed for four traffic lanes. On the other
hand, according to the PDH, the new bridges constructed in this
state ~ill contain a lO-foot full shoulder width at each side of
the bridge for class 2 and 3 highways. This would mean that a
44~foot wide bridge will carry only two traffic lanes. The top
-84-
three curves in Fig. 40 were obtained by considering four design
traffic lanes (NL = 4) and the bottom two curves for two traffic
lanes (NL = 2). Therefore, another important factor is the number
of design traffic lane~, NL. To continue with the remainder of
this study, it was decided that it would be more appropriate to
follow the AASHO specifications in regard to the number of design
traffic lanes.
In Section 6~3.S it was mentioned that the effect of
span length on the load distribution is influenced by the number
of design traffic lanes. This important point can be observed
from Fig. 40. Therefore, the number of design traffic lanes, NL,
not only affects the load distribution directly, but also influ-
ences the effect of span length on the load distribution.
As shown in Fig. 40, the load distribution factors for
a 44-foot wide bridge with five beams can be approximated by the
linear formula:
D.F. s== 1.6 + 1.4 E (6.1)
The value of 1.6 in the above formula was obtained by dividing
the number of wheel loads on the bridge by the number of beams.
SThis value will be reached at the hypothetical point of E = o.
Since all of the design traffic lanes, NL, should be loaded for
maximum response, the number· of trucks would be equal to NL and
the number of wheel loads would be equal to 2NL . Thus, the value2NL
of 1.6 can be formulated as ~, where NB is the number of beams.B
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6.3.7 Total Width of~Bridge
When the number and the spacing of beams are 'known, the
width of the bridge is almost fixed, except for a small variation
in the distance from the center line of the exterior beams to the
face of the curbs. However, an important influence of the width
of the bridge on the load distribution is the fact that according
to the AASHO specifications, the width of the bridge will determine
the number of design traffic l~nes, NL.. The number of desig~
traffic lanes influences the load distribution factors significantly,
as observed from Fig. 40. To continue with the study, the follow-
ing rules listed in the AASHO specifications will be applied to de-
termine the design traffic lanes:
Width of Bridge in Feet NL
20 to 30 inc. 2
over 30 to 42 inc. 3
over 42 to 54 inc. 4
over 54 to 66 inc. 5
6.3.8 Number of Beams
To study the influence of the number of beams on the
pattern of load distribution, a maximum and a minimum clear spacing
of 7 T _9 ft to 2 T _9 fT , respectively, are co"nsidered. These limi ts on
clear spacing are listed in the PDH standards for spread box-beam
bridges. Considering the above limits, a 56-foot wide bridge can
be designed with six," seven, eight or nine beams. In Fig. 41; the
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load distribution factors for the 55-foot wide bridge with six,
seven, eight and nine beams are plotted against different values
of S/L. The plots are given in this figure for 48-and 21-inch
beam depths. A study of Fig. 41 reveals that the load distribution
factors are in the following linear form:
D. F. = 2NL k SNB + :E
(6.2)
where k, the slope of the lines, varies with the number of beams.
The effect of the beam depths decreases as the number of beams in-
creases. In fact, as far as the practical range of the beam depths
is concerned, the 48-inch deep beams are normally used for long
span bridges and the 2l-inch deep beams for short span. Therefore,
the linear load distribution formula given in Fig. 41 for the
48-inch deep beams is quite accurate for long and moderate span
length bridges, and would be slightly on the conservative side for
short span bridges.
Next, a 56-foot wide bridge was considered, since it was
the widest bridge that would be designed for five traffic lanes.
The 56-foot bridge can be designed with seven, eight, nine or ten
beams. The results are shown in Fig. 42. In Figs. 43 and 44, the
same type of behavior for a 44-and 54-foot wide bridge is observed.
The widths of 44 and 54 feet were considered in order to study the
pattern of the load distribution in bridges with four design traffic
lanes.
Figs. 45 and 46 show t~e plots of load distribution
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Sfactors against different values of E for 32-and 42-foot wide
bridges .. A 32-or 42-foot wide bridge ~s designed based on three
design traffic lanes. The 32-foot wide bridge can be designed
with five, six or seven beams. The plots of load distribution
factors in Figs. 42 through 46 are also in the same linear form.
Fig. 47 shows the basic arrangement used for the above
developments, with a list of the beam spacing and slab thidkness
for the bridge superstructures analyze~._ The width of slab ex-
tended beyond the exterior beams, designated by b in Fig. 47,
s
was taken as IT - 6", except in two cases where it was necessary
to reduce this dimension in order not to decrease the PDH speci-
\fied minimum beam spacing of 6' - 9". The span length and the
beam depth in each of the basic bridge superstructures listed in
Fig. 47 were varied as indicated in Figs. 40 through 46.
6.4 Load Distribution Factors for Interior Beams
From the developments presented in Section 6.3, it is
evident that the load distribution factors for the interior beams
have the following linear form:
D.F. (6 .2)
where k varies with the number of beams, the number of design
traffic lanes, and the total width of the bridge. After a study
of different values of k given in Figs. 41 through 46, the follow-
ing simple formulation was developed:
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k = 0.07 W - NL (0.10 NL - 0.26) - 0.20 NB - 0.12
where W is the total width of bridge in feet.
(6. 3)
In the development of Eq. (6.3) special attention was
given to the simplicity of the result. An absolute error e in the
evaluation of the value of k will result in an absolute error (e E)
in the load distribution factors evaluated from Eq. (6.2). The
value of (~), for the majority of spread box-beam bridges, ranges
from 1/4 to 1/15. Therefore, any error in the evaluation of the
value of k will result in an error, reduced by a factor ranging
from 1/4 to 1/15, in the load distribution factors.
6.5 Load Distribution Factors for Exterior Beams
The effect of span length on the exterior beam moments
does not seem appreciable when all design traffic lanes are load-
ed. This fact can be seen from the influence lines given in
Fig. 36. However, as was observed in the developments presented
for the interior beams, the total width of the bridge, the number
of design traffic lanes, and finally, the number of beams could
influence the behavior. Therefore, the same bridge superstructures
considered in the developments for the inter'lor beams are analyzed
again under the type of loading which produces maximum response in
the exterior beam.
Figs. 48 through S3 show the plots of load distribution
factors against different values of ~ for the same bridge super-
structures considered in Section 6.3.8. A study of the plots given
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in these figures reveals that the load distribution factors for the
exterior beams are not appreciably influenced by the span length 6f
the bridge. The present provisions in the PDH specifications2 con-
sider the load distribution factors for the exterior beams as the
reaction of the wheel loads obtained by assuming the flooring to
act as a simple span between the exterior and the adjacent interior
beams. The distribution factors calculated, based on the PDH pro-
visitins, are also given in,Figs. 48 through 53,for the sake of
comparison.
The load distribution factors given in Figs. 48 through
53 can be approximated by either the following formula:
D.F ., (6.4)
or by the PDH provisions. In Fig. 48, for example, the plot of
the distribution factors for NB = 7 can be approximated as
D.F. = 1.43, whereas based on the present PDH provisions the
corresponding distribution factor is 1.33. Therefore, for bridges
with five design traffic lanes, as can be seen in Figs. 48 and 49,
the load distribution factors given in Eq. (6,.4) will govern, and
the PDH provisions yield very low values.
The plots of load distribution factors for a 54-foot
wide bridge with six, seven and eight beams are shown in Fig. 50.
For six-and seven-beam bridges, the load distribution factors
given in Eq. (6.4) will govern, and for the eight-beam bridge,
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the PDH provisions will govern. For the ~4-foot wide bridge with
five, six or seven beams, shown in Fig. ?l, again Eq. (6.4) yields
more accurate values. The same pattern of behavior can be obser~ed
from Figs. 52 and 53 for the 42-and 32-foot wide bridges. There-
fore, based upon the above developments, the load distribution
factors for the exterior beams should be taken as the greater of
the results obtained from Eq. (6.4) and the present PDH provisions.
6.6 Eff~ctiv~ Width bf Slab
The distribution factors given in Sections 6.4 and 6.5
were obtained based on the moments in the composite beams given
in Eq. (5.25). The composite beams, as described in Section 5.6,
are formed with consideration of the effective width of slab.
The effective width of slab predicted by this theory was found to
be very close to the center-to-center beam spacing. The present
provisions of the PDH specifications specify that the effective
width of slab shall not exceed the beam spacing, or twelve times
the thickness of slab plus the width of the beams. An examination
of PDH criteria for the determination of slab thickness, given on
page 81, reveals that actually the beam spacing will govern the
determination of effective width. Therefore, based on the results
of the theory, the present PDH provisions for the determination of
the effective width of slab are found to be adequate.
6.7 Design Recommendations
Based upon the developments presented in this chapter,
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the following simplified procedures are recommended for the
determination of the lateral load distribution factors in spread
box-beam bridges:
1. The live-load bending moments in interior
beams shall be determined by applying to
the beams the fraction of wheel loads speci-
fied by the following formula:
D.F.
where
k = 0.07 W - NL (0.10 NL - 0.26) - 0.20 NB - 0.12
W = Roadway width between curbs in feet
NL = Number of design traffic lanes
NB = Number of beams
S = Average beam spacing
L = Span length
2. The live-load bending mqments in exterior
beams shall be determined by applying to
the beams the reaction of wheel loads ob-
tained by assuming the fi.o'oring to act as
a simple span between the exterior and the
adjacent interior beams, but shall not be
2NLless than N.
B
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7. SUMMARY AND CONCLUSIONS
7.1 Summary
A method of analysis is developed for the beam-slab
bridges in order to investigate the load distribution pattern
in spread box-beam bridges. In this method of analysis, the
bridge superstructure is reduced to an articulated system by
introducing a series qf joint-lines between the beams and slab.
The method of solution employed is a flexihility type .. The
analysis of plate and beam elements are presented in Chapters
3 and 4. In Chapter 5, the matrix formulation of the flexi-
bility type of solution is developed. A general computer program
was prepared to apply. the analysis.
The validity of this theoretical analysis is verified
by comparison with field test results. The comparison of the
results of four different field tests with the theory is included
in Chapter 6. An extensive study of the parameters affecting
the analysis is also presented in Chapter 6. Over three hundred
different bridge superstructures were analyzed under different
patterns of HS20 truck loading, in order to present the full
picture of the behavior of spread box-beam bridges. Based upon
the results obtained, a simplified design procedure for the de-
termination of lateral load distribution is developed and recommend-
ed in Chapter 6, Section 6.6.
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7.2 Conclusions
The method of analysis presented in the text is a
general method applicable to any beam-slab bridge superstructure.
In the formulation of the method, special consideration was given
to box-beams, but modifications which should be made for other
types of beams are also specified. Excellent agreement between
the results of the field tests and the theory was observed.
The following conclusions are made, based upon the re-
sults of over three hundred bridges analyzed under different
patterns of truck loadings:
1. The effect of curbs and parapets acting compositely
with the slab tends to reduce the vehicular load
carried by the interior girders, and to increase
the load carried by the exterior girders, in compari-
son with loads carried by a beam-slab system without
curbs and parapets.
2. The span length of the bridge significantly influ-
ences the lateral distribution of vehicular loads,
while beam depth influences the distribution to a
lesser degree. The effects of (1) slab thickness
and (2) the modular ratio between beam and slab
concrete have little effect on the distribution.
3. The live-load distribution factors for both exterior
and interior beams in a particular superstructure
cross-section can be accurately represented as a
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linear function, of the form indicated in
Section 6.7.
4. The number of design traffic lanes is a very
important factor in establishing load distri-
bution factors.
5. The expressions for distribution factors presented
in this report were developed for beam-slab super-
structures without curbs and parapets. In general,
these values are less than values based on current
design provisions. Based on the findings from a
number of field tests, it is felt that strong con-
sideration should be given to changes in design
philosophy and construction practice to permit con-
sideration of the effect of the curbs and parapets
on the structural behavior of the superstructure.
These changes would definitely result in a further
reduction in distribution factors, and possibly re-
duce the overall cost of the superstructure.
7.3 Recommendations for Future Studies
The analysis developed in this paper is applicable to
any type of beam-slab simple-span bridge loaded within the elastic
limit. However, the accompanying computer program was prepared
for box-beam bridges. Therefore, the following areas of study
are recommended for possible future research, with some of these
areas being simple extensions of the study presented in this paper:
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1. The problem of load distribution in any other
type of beam-slab bridge loaded within the
elastic limit can be investigated, using the
analysis presented in this paper and modifying
the accompanying computer program accordingly.
2. The analysis presented in this paper can be ex-
tended in order to develop an analysis for the
problem of load distribution in continuous
multi-span bridges.
3. The analysis of skewed bridges is another po-
tential area of study, and is recommended here
since it will yield information regarding the
effect of skew on the pattern of load distri-
bution.
4. The problem of load distribution in bridges
loaded beyond the elastic limit is another
important area of interest. Future studies in
this area will ma'ke it possible to obtain some
insight into the behavior of bridges under any
possible over-load conditions, and to predict
the factor of safety against the collapse con-
ditions.
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-8 • APPENDIX
8.1 Flexibility Matrix of Plate Elements
The coefficients of the flexibility matrix farep
determined based on the analysis of the plate elements presented
in Chapter 3. As an example, consider the flex~bility coefficients
associated with vertical edge force Rj . These coefficients are
9bta~ned from Eq. (3.20) and the first derivative of Eq.. ,(~.20)
with respect to y, by setting once y = 0 and then y = a. The
flexibility coefficients associated with other edge forces and
edge moments are obtained in a similar fashion. The results are
as follows:
I
-£' E1n 0 0 I AT A2n 0 0In 2n
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and D' is given in Eq. (3.29d).
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(8.9)
(8.10)
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· h2 2 2Sln Q' a - Q' a
n n
(8.11)
and -finally A and AT are those given in Egs. (3.24a) and (3.29a).
n n
8.2 Flexibility Matrix of Beam Elements
The coefficients of the flexibility matrix f b are
determined from Egs. (4.33a, b, c and d). The results are as
follows:
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(8. 21)
(-8.-22)
I t
Z
~-
n
(8 . 23)
and the coefficients designated by the superscript (j+l) are
obtained from Eqs. (8.13) through (8.23) by substituting yj+l
for yj. The coefficients of the flexibility matrix f b , given
in ~q. (8.12), are subJected to the. relations given _in
Egs. (4.32a, b, c, d and e) when applied to the interior beam
elements.
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